In this paper, we give one parameter families of extrinsic differential geometries on spacelike curves in Minkowski 4-space. We investigate the nonlinear properties of one parameter lightlike hypersurfaces. Meanwhile, the classification of singularities to one parameter lightlike hypersurfaces is considered by singularity theory. c ⃝2015 All rights reserved.
Introduction
Minkowski space is a real vector space with a symmetric bilinear form. And Minkowski space form with the positive curvature is called de Sitter space. We know that de Sitter 3-space is a vacuum solution of the Einstein equation and an important cosmological model for physical universe [1, 4, 6, 10, 11] . Authors have given the geometrical properties of spacelike or timelike curves in Minkowski space [6, 8, 12] ; B. Mustafa obtained the geometrical properties of involutes of spacelike curves in Minkowski 3-space [9] . However, most of papers and books studying the geometrical properties of general surfaces generated by spacelike curves in Minkowski 4-space nor their hypersurfaces. Authors had obtained the horizon of the black hole is a lightlike hypersurface or a part [3, 7] . In this paper, we consider, however, the one parameter lightlike hypersurfaces, which are generated by spacelike curves in de Sitter 3-space, as the most elementary case for the study of the lowest codimensional submanifolds in non-flat Lorentzian space forms.
On the other hand, singularity theory, which is a direct descendant of differential calculus, is certain to have a great deal of interest to say about geometry, equation, physic, astronomy and other disciplines [2, 4, 14] . In general, the current theory always does not allow for singularities, however, it is unavoidable in some real life circumstances. Thus, we apparently need to understand the ontology of singularities if we want to research the nature of space and time in the actual universe. By now, the studying of singularities has been concentrated in general surfaces [2, 6, 12, 13] .
Meanwhile, the one parameter lightlike hypersurfaces are a bundle along a spacelike curve whose fibres are lightlike lines or spacelike curves. The most interesting case is the contact of spacelike curves and lightcone. Moreover, from the point of view of physics, lightlike hypersurfaces are of importance because they are models of different types of horizons studied in relativity theory [5, 7, 16, 17] . The authors considered a classification of the singularities of lightlike surfaces with codimensional two for generic spacelike curves in de Sitter 3-space and a geometric characterization of the singularities [6] . Except for the difference that we consider the one parameter lightlike hypersurfaces of spacelike curves and the geometric characterizations of their singularities.
The remainder of this paper is organized as follows: Section 2 reviews some basic notions about the Minkowski space and gives the main result about the classifications of singularities (Theorem 2.2). Section 3 considers the one parameter spacelike height function on spacelike curves. Also, the versal property of one parameter height function is used to prove Theorem 2.2 in Section 4. Section 5 gives the generic properties of spacelike curves to introduce the stability of singularity. In the last section of this paper, we supply an example to explain the singular locus of one parameter lightlike hypersurfaces.
We shall assume that all the maps and manifolds in this paper are C ∞ , unless the contrary is explicitly stated. 1 is defined by ∥x∥ = (sign(x)⟨x, x⟩) 1/2 , where sign(x) denotes the signature of x which is given by sign(x)=1, 0 or -1 when x is a spacelike, lightlike or timelike vector [15] . For any two vectors x and y in R 4 1 , we say that x is pseudo-perpendicular to y if ⟨x, y⟩ = 0. For vectors x = (x 1 , x 2 , x 3 , x 4 ), y = (y 1 , y 2 , y 3 , y 4 ) and z = (z 1 , z 2 ⟨a, x ∧ y ∧ z⟩ = det(a, x, y, z).
Preliminaries and the main result
In R 4 1 , we introduce some typical manifolds,
Let γ : I → R 4 1 by γ(t) = (x 1 (t), x 2 (t), x 3 (t), x 4 (t)) be a regular curve in R 4 1 (i.e.,γ(t) ̸ = 0 for any t ∈ I), where I is an open interval. For any t ∈ I, the curve γ is called a spacelike curve, a lightlike curve or a timelike curve if ⟨γ(t),γ(t)⟩ > 0, ⟨γ(t),γ(t)⟩ = 0 or ⟨γ(t),γ(t)⟩ < 0, respectively. The arc-length of a nonlightlike curve γ(t) measured from γ(t 0 ) (t 0 ∈ I) is
The parameter s is determined as ∥γ ′ (s)∥ = 1 for a nonlightlike curve, where γ ′ (s) = (dγ/ds)(s). For a spacelike curve γ(s) in de Sitter 3-space, there are a spacelike tangent vector t(s) = γ ′ (s) and a normal vector n 1 (s). A new unit normal vector as following:
where sign(n 1 (s))sign(n 2 (s)) = −1. In the following, we only consider normal vector n 1 (s) is spacelike and normal vector n 2 (s) is timelike. The other case is the same. Then we have a pseudo-orthonormal frame {γ(s), t(s), n 1 (s), n 2 (s)} satisfying
and the Frenet type formulas as following:
If k g (s) = 0, one can obtain t ′ (s) = −γ(s) and γ ′ (s) = t(s), so γ(s) = cos s + sin s is a plane fixed curve. Therefore, we only consider k g (s) does not equal to zero in the following sections. For ⟨t(s), γ(s)⟩ = 0, we have ⟨t
One denotes the unit normal vector as
where
We call the image of L ± φ the one parameter lightlike hypersurfaces associated to the spacelike curve γ(s). Remark 2.1. When φ = 0, the hypersurface L ± φ is a lightlike vector in lightcone. Hence, we only consider φ ∈ (0, π/2] in the next section.
Let F : S 3 1 −→ R be a submersion and f : I −→ S 3 1 be a spacelike curve. We say that f and
The main result in this paper as following: (Fig. 1). (Fig. 2) . 
Theorem 2.2. Let γ(s) be a unit speed spacelike curve in de Sitter
3-space, v 0 = L ± φ (s 0 , µ 0 ) and LC(φ)(v 0 ) = {u ∈ S 3 1 | ⟨u, v 0 ⟩ = sin φ},v 0 = sin φγ(s 0 ) − (tan φ/k g (s 0 )) cos φ( n 1 (s 0 ) ± n 2 (s 0 )) and k ′ g (s) ± k g (s)τ g (s) ̸ = 0. Under this condition, the germ of image L ± φ at L ± φ (s 0 , λ 0 ) is diffeomorphic to the cuspidal edge C × R
γ(s) and LC(φ)(v 0 ) have at least 4-point contact for s 0 if and only if
and µ = sin φ/k g (s).
v,φ (s) = 0 if and only if
Proof.
Supposing there are three real numbers
, we obtain ω = 0 and η = sin φ by h v,φ (s) = h ′ v,φ (s) = 0. Therefore, the assertion 1 follows.
The easy computation that
Substituting the condition v = sin φγ(s) + λ( n 1 (s) ± n 2 (s)) and using Equations (2.1), we obtain λ = sin φ/k g (s) and µ = tan φ/k g (s). Hence, the assertion 2 holds.
3. Basing on the above assumption and using Equations (2.1), we have
As k g (s) ̸ = 0 and sin φ does not always equate to zero for φ
By Equations (2.1) and (3.2), we have
h (4) v,φ (s) = ⟨((k 2 g (s) − 1)t(s) + k ′ g (s)n 1 (s) + k g (s)τ g (s)n 2 (s)) ′ , v⟩ = (sin φ/k g (s))(k ′′ g (s) + k g (s)τ 2 g (s) ∓ (k ′ g (s)τ g (s) + (k g (s)τ g (s)) ′ )) = (sin φ/k g (s))(k ′′ g (s) ∓ (k g (s)τ g (s)) ′ + (k g (s)τ g (s) ∓ k ′ g (s))τ g (s)) = 0. (3.3) By assertion 3, we know k ′ g (s) ∓ k g (s)τ g (s) = 0 and k ′′ g (s) ∓ (k g (s)τ g (s)) ′ = (k ′ g (s) ∓ k g (s)τ g (s)) ′ = 0.
Singularities of one parameter lightlike hypersurfaces
In this section, we study the geometric properties of one parameter lightlike hypersurfaces of spacelike curves in de Sitter 3-space. Meanwhile, we use some general results on the singularity theory for families of function germs [2] . These properties will be stated in the following. 
The singularities of L
Proof. 
) is constant, we have
Let F : (R×R r , (s 0 , x 0 )) → R be a function germ. We call F an r-parameter unfolding of f , where
Under the same as the above, F is called a versal unfolding if the k × r matrix of coefficients (α 0i , α ji ) has rank k(k ≤ r), where α 0i = (∂F/∂x i )(s 0 , x 0 ). Let a function germ F : (R × R r , (s 0 , x 0 )) → R be an unfolding of f . Then the discriminant set of F is given by
And the main theorem is the following [2] .
By Proposition 3.1, the discriminant set of the height function H(s, v, φ) is given by Proof. We denote
The condition for (p) versal can be checked as following:
(1): By Proposition 3.1, h has A 1 -singularity at s if and only if v = sin φγ(s) + λ( n 1 (s) ± n 2 (s)) and k g (s) ̸ = 0, when h has A 1 -singularity at s, we require the 1 × 4 matrix (
, − cos φ) to have rank 1, which it always does since γ(s) is regular.
(2): It also follows from Proposition 3.1 that h has A ≥2 -singularity at s if and only if v = sin φγ(s)
to have rank 2, which follows from the proof of the case (3) . (3): By Proposition 3.1, h has the A 3 -singularity at s if and only if
, when h has A 3 -singularity at s, we require the 3 × 4 matrix
to be nonsingular, where
Therefore,
This completes the proof.
Proof of Theorem 2.2. Let γ(s) be a spacelike curve in de Sitter 3-space. We define a function G : 
Generic properties
In this section, we consider generic properties of spacelike curves in S 3
1 . The main tool is the transversality theorem. Let Emb s (I, S 3 1 ) be a space of spacelike embeddings γ : I → S 3 1 with k g (s) ̸ = 0 equipped with Whitney C ∞ -topology. The function H : Let f : (R, 0) → (R, 0) be a function germ which has A k -singularity at 0. It is well known that there exists a diffeomorphism germ ϕ : (R, 0) → (R, 0) such that f • ϕ(s) = ±s k+1 . This is the classification of A k -singularity. For any z = j l f (0) in J l (1, 1) , we have the orbit L l (z) given by the action of the Lie group of l-jet diffeomorphism germ. If f has an A k -singularity, then the codimension of the orbit is k. There is another characterization of versal unfolds. (s, µ) =
